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SMOOTH CURVES ON PROJECTIVE K3 SURFACES
ANDREAS LEOPOLD KNUTSEN
Abstrat. In this paper we give for all n ≥ 2, d > 0, g ≥ 0 neessary and suient
onditions for the existene of a pair (X,C), where X is a K3 surfae of degree 2n in Pn+1
and C is a smooth (redued and irreduible) urve of degree d and genus g on X. The
surfaes onstruted have Piard group of minimal rank possible (being either 1 or 2), and
in eah ase we speify a set of generators. For n ≥ 4 we also determine when X an be
hosen to be an intersetion of quadris (in all other ases X has to be an intersetion of
both quadris and ubis). Finally, we give neessary and suient onditions for OC(k)
to be non-speial, for any integer k ≥ 1.
1. Introdution
In reent years the interest for K3 surfaes and Calabi-Yau threefolds has inreased
beause of their importane in theoretial physis and string theory in partiular. The
study of urves on K3 surfaes is interesting not only in its own right, but also beause
one an use K3 surfaes ontaining partiular urves to onstut K3 bered Calabi-Yau
threefolds ontaining the same urves as rigid urves (see [Ka℄, [Og℄, [E-J-S℄, [Kl1℄ and
[Kl2℄).
The problem of determining the possible pairs (d, g) of degree d and genus g of urves on-
tained in ertain ambient varieties is rather fasinating. A fundamental result of L. Gruson
and C. Peskine in [G-P℄ determines all suh pairs for whih there exists a smooth irreduible
nondegenerate urve of degree d and genus g in P3. To solve the problem, the authors need
urves on some rational quarti surfae with a double line.
S. Mori proved in [Mori℄ that essentially the same degrees and genera as those found by
Gruson and Peskine for urves on rational quarti surfaes, an be found on smooth quarti
surfaes as well.
K. Oguiso [Og℄ showed in 1994 that for all n ≥ 2 and d > 0 there exists a K3 surfae of
degree 2n ontaining a smooth rational urve of degree d.
The main aim of this paper is to prove the following general result:
Theorem 1.1. Let n ≥ 2, d > 0, g ≥ 0 be integers. Then there exists a K3 surfae 1 X of
degree 2n in Pn+1 ontaining a smooth urve C of degree d and genus g if and only if
(i) g = d2/4n+1 and there exist integers k,m ≥ 1 and (k,m) 6= (2, 1) suh that n = k2m
and 2n divides kd,
(ii) d2/4n < g < d2/4n + 1 exept in the following ases
(a) d ≡ ±1,±2 (mod 2n),
(b) d2 − 4n(g − 1) = 1 and d ≡ n± 1 (mod 2n),
() d2 − 4n(g − 1) = n and d ≡ n (mod 2n),
(d) d2 − 4n(g − 1) = 1 and d− 1 or d+ 1 divides 2n,
(iii) g = d2/4n and d is not divisible by 2n,
(iv) g < d2/4n and (d, g) 6= (2n+ 1, n + 1).
1
By a K3 surfae is meant a smooth K3 surfae.
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Furthermore, in ase (i) X an be hosen suh that PicX = Z2n
dk
C = Z 1
k
H and in ases
(ii)-(iv) suh that PicX = ZH ⊕ ZC, where H is the hyperplane setion of X.
If n ≥ 4, X an be hosen to be sheme-theoretially an intersetion of quadris in ases
(i), (iii) and (iv), and also in ase (ii), exept when d2−4n(g−1) = 1 and 3d ≡ ±3 (mod 2n)
or d2 − 4n(g − 1) = 9 and d ≡ ±3 (mod 2n), in whih ase X has to be an intersetion of
both quadris and ubis.
Remark 1.2. If one allows X to be a birational projetive model of a K3 surfae (whih
automatially yields with at worst rational double points as singularities), then the result
above remains the same, exept that the ase (ii)-() ours.
The most general results onerning onstrution of K3 bered Calabi-Yau threefolds
are due to H. P. Kley [Kl2℄, who onstruts rigid urves of bounded genera on omplete
intersetion Calabi-Yau threefolds (CICY s). The approah of Kley requires that the smooth
urve C on the K3 surfae X used to onstrut the CICY is linearly independent of the
hyperplane setion H of X and also that h1(C ′,OC′(k)) = 0 for all C
′ ∈ |C| for k = 1
or 2 (depending on the dierent types of CICY s). Motivated by this, we also prove the
following result, whih is an improvement of the results in [Kl2℄ and gives the orresponding
existene of more rigid urves in CICY s than is shown in [Kl2℄.
Proposition 1.3. Let k ≥ 1 be an integer. We an nd X and C as in Theorem 1.1 suh
that h1(C ′,OC′(k)) = 0 for all C
′ ∈ |C| if and only if
d ≤ 2nk or dk > nk2 + g.
So far one has only used the K3 surfaes that are omplete intersetions (more spei-
ally the smooth omplete intersetions of type (4) in P3, (2, 3) in P4 and (2, 2, 2) in P5,
see Setion 6) to onstrut CICY s ontaining rigid urves. S. Mukai showed in [Mu℄ that
general K3 surfaes of degrees 10, 12, 14, 16 and 18 are omplete intersetions in homoge-
neous spaes. For the triples (n, d, g) in Theorem 1.1 orresponding to suh general surfaes,
one an then onstrut K3 bered Calabi-Yau threefolds that are omplete intersetions in
homogeneous spaes ontaining rigid urves. This is the topi in [Kn2℄.
We work over the eld of omplex numbers. The results will hold for any algebraially
losed eld of harateristi zero by the Lefshetz priniple.
It is a pleasure to thank Professor Trygve Johnsen at the University of Bergen. I would
also like to thank Holger P. Kley for useful omments.
2. Preliminaries
A urve will always be redued and irreduible in this paper.
We now quote some results whih will be needed in the rest of the paper. Most of these
results are due to Saint-Donat [SD℄.
Proposition 2.1. [SD, Cor. 3.2℄ Let Σ be a omplete linear system on a K3 surfae. Then
Σ has no base points outside its xed omponents.
Proposition 2.2. [SD, Prop. 2.6(i)℄ Let |C| 6= ∅ be a omplete linear system without xed
omponents on a K3 surfae X suh that C2 > 0. Then the generi member of |C| is smooth
and irreduible and h1(OX(C)) = 0
Proposition 2.3. Let |C| 6= ∅ be a omplete linear system without xed omponents on
a K3 surfae suh that C2 = 0. Then every member of |C| an be written as a sum
E1 + E2 + ...+ Ek, where Ei ∈ |E| for i = 1, ..., k and E is a smooth urve of genus 1.
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In other words, |C| is a multiple k of an ellipti penil.
In partiular, if C is part of a basis of PicX, then the generi member of |C| is smooth
and irreduible.
Proof. This is [SD, Prop. 2.6(ii)℄. For the last statement, sine C is part of the basis of
PicX, k = 1 and |C| = |E|.
We will also need the following riteria for base point freeness and very ampleness of a
line bundle on a K3 surfae.
Lemma 2.4. [SD℄(see also [Kn1, Thm. 1.1℄) Let L be a nef line bundle on a K3 surfae.
Then
(a) |L| is not base point free if and only if there exist urves E,Γ and an integer k ≥ 2
suh that
L ∼ kE + Γ, E2 = 0, Γ2 = −2, E.Γ = 1.
In this ase, every member of |L| is of the form E1 + ...+Ek + Γ, where Ei ∈ |E| for all i.
Equivalently, L is not base point free if and only if there is a divisor E satisfying E2 = 0
and E.L = 1.
(b) L is very ample if and only if L2 ≥ 4 and
(I) there is no divisor E suh that E2 = 0, E.L = 1, 2,
(II) there is no divisor E suh that E2 = 2, L ∼ 2E, and
(III) there is no divisor E suh that E2 = −2, E.L = 0,
Note that (II) in (b) is automatially fullled if L is a part of a basis of PicX, whih it
often will be in our ases.
Let L be a base point free line bundle on a K3 surfae with dim |L| = r ≥ 2. Then |L|
denes a morphism
φL : X −→ P
r,
whose image φL(X) is alled a projetive model of X.
We have the following result:
Proposition 2.5. [SD℄ (i) If there is a divisor E suh that E2 = 0 and E.L = 2, or E2 = 2
and L ∼ 2E, then φL is 2 : 1 onto a surfae of degree
1
2L
2
.
(ii) If there is no suh divisor, then φL is birational onto a surfae of degree L
2
(in fat it
is an isomorphism outside of nitely many ontrated smooth rational urves), and φL(X)
is normal with only rational double points.
In [SD℄ an L whih is base point free and as in (i) is alled hyperellipti, as in this ase
all smooth urves in |L| are hyperellipti. We will all an L whih is base point free and as
in (ii) birationally very ample (see [Kn1℄ for a generalization).
We will need the riteria for very ampleness to prove Theorem 1.1 and for birational very
ampleness to prove the statement in Remark 1.2.
We also have the following result about the ideal of φL(X), when L is birationally very
ample.
Proposition 2.6. [SD, Thm. 7.2℄ Let L with H2 ≥ 8 be a birationally very ample divisor
on a K3 surfae X. Then the ideal of φL(X) is generated by its elements of degree 2, exept
if there exists a urve E suh that E2 = 0 and E.L = 3, in whih ase the ideal of X is
generated by its elements of degree 2 and 3.
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We will onentrate on the proof of Theorem 1.1, and give the main ideas of the proof of
the statement in Remark 1.2 in Remark 4.7 below.
The immediate restritions on the degree and genus of a divisor ome from the Hodge
index theorem. Indeed, if H is any divisor on a K3 surfae satisfying H2 = 2n > 0 and C
is any divisor satisfying C.H = d and C2 = 2(g−1), we get from the Hodge index theorem:
(C.H)2 − C2H2 = d2 − 4n(g − 1) ≥ 0,
with equality if and only if
dH ∼ 2nC.
3. The ase d2 − 4n(g − 1) = 0
We have
Proposition 3.1. Let n ≥ 2, d > 0, g ≥ 0 be integers satisfying d2 − 4n(g − 1) = 0. Then
there is a K3 surfae X of degree 2n in Pn+1 ontaining a smooth urve C of degree d and
genus g if and only if there exist integers k,m ≥ 1 and (k,m) 6= (2, 1) suh that
n = k2m and 2n divides kd.
Furthermore, X an be hosen suh that PicX = Z2n
dk
C = Z 1
k
H, where H is the hy-
perplane setion of X, and if n ≥ 4, suh that X is sheme-theoretially an intersetion of
quadris.
Proof. First we show that these onditions are neessary. Let X be a projetive K3 surfae
ontaining a smooth urve of type (d, g) suh that d2−4n(g−1) = 0. Let H be a hyperplane
setion of X. Sine C ∼ d2nH, there has to exist a divisor D and an integer k ≥ 1 suh that
H ∼ kD and 2n divides kd. Furthermore, letting D2 = 2m, m ≥ 1, one gets
H2 = 2n = 2mk2,
so n = k2m.
If (k,m) = (2, 1), then n = 4 and H ∼ 2D for a divisor D suh that D2 = 2, but this is
impossible by Lemma 2.4.
Now we show that these onditions are suient by expliitly onstruting a projetive
K3 surfae of degree 2n ontaining a smooth urve of type (d, g) under the above hypotheses.
Consider the rank 1 lattie L = ZD with intersetion form D2 = 2m. This lattie is
integral and even, and it has signature (1, 0).
Now [Morr, Thm. 2.9(i)℄ (see also [Ni℄) states that:
If ρ ≤ 10, then every even lattie of signature (1, ρ− 1) ours as the Néron-Severi group
of some algebrai K3 surfae.
Therefore there exists an algebrai K3 surfae X suh that PicX = ZD. Sine D2 > 0,
either |D| or | −D| ontains an eetive member, so we an assume D is eetive (possibly
after having hanged D with −D). Sine D generates PicX, D is ample by Nakai's riterion
(in partiular, it is nef). Ifm ≥ 2, then D2 ≥ 4, and by Lemma 2.4 D is very ample. Indeed,
sine PicX = ZD andD2 > 0, there an exist no divisor E suh that E2 = 0,−2 orD ∼ 2E.
If m = 1, then by our assumptions k ≥ 3, so by [SD, Thm. 8.3℄ kD is very ample.
So in all ases, H := kD is very ample under the above assumptions, and by H2 =
k2D2 = 2mk2 = 2n, we an embed X as a K3 surfae of degree 2n in Pn+1. Dene
C :=
dk
2n
D.
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then C is nef, sine it is a non-negative multiple of a nef divisor, and by Lemma 2.4 it is
base point free (no urves with self-intersetion −2 or 0 an our on X sine D generates
the Piard group).
So by Propositions 2.1 and 2.2 the generi member of |C| is smooth and irreduible, and
one easily heks that C.H = d and C2 = 2g − 2.
The two last assertions follow from the onstrution (the last one follows from Proposition
2.6).
4. The ase d2 − 4n(g − 1) > 0
We have the following result of Oguiso:
Theorem 4.1. Let n ≥ 2 and d ≥ 1 be positive integers. Then there exist a K3 surfae X
of degree 2n in Pn+1 and a smooth rational urve C of degree d on X.
Furthermore, X an be hosen suh that PicX = ZH ⊕ ZC, where H is the hyperplane
setion of X, and if n ≥ 4, then X an be hosen to be sheme-theoretially an intersetion
of quadris.
Proof. This is [Og, Thm 3℄. The last statement follows again by Proposition 2.6 sine
|disc(H,C)| = d2 + 4n > 16 and a divisor E suh as the one in the proposition would give
|disc(E,H)| = 9.
We an make a more general onstrution:
Proposition 4.2. Let n ≥ 1, d ≥ 1, g ≥ 0 be positive integers satisfying d2−4n(g−1) > 0.
Then there exist an algebrai K3 surfae X and two divisors H and C on X suh that
PicX = ZH ⊕ ZC, H2 = 2n, C.H = d, C2 = 2(g − 1) and H is nef.
Proof. Consider the lattie L = ZH ⊕ ZC with intersetion matrix[
H2 H.C
C.H C2
]
=
[
2n d
d 2(g − 1)
]
This lattie is integral and even, and it has signature (1, 1) if and only if d2−4n(g−1) > 0.
By [Morr, Thm. 2.9(i)℄ again, we onlude that the lattie L ours as the Piard group
of some algebrai K3 surfae X. It remains to show that H an be hosen nef.
Consider the group generated by the Piard-Lefshetz reetions
PicX
piΓ−→ PicX
D 7−→ D + (D.Γ)Γ,
where Γ ∈ PicX satises Γ2 = −2 and D ∈ PicX satises D2 > 0. Now [B-P-V, VIII,
Prop. 3.9℄ states that a fundamental domain for this ation is the big-and-nef one of X.
Sine H2 > 0, we an assume that H is nef.
We would like to investigate under whih onditions H is very ample and |C| ontains a
smooth irreduible member. To show the latter for g > 0, it will be enough to show that
|C| is base point free, by Propositions 2.2 and 2.3.
We rst need a basi lemma.
Lemma 4.3. Let H, C, X, n, d and g be as in Proposition 4.2 and k ≥ 1 an integer. If
(d, g) = (2nk, nk2) (resp. (d, g) = (nk, nk
2+3
4 )), we an assume (after a hange of basis of
PicX) that kH −C > 0 (resp. kH − 2C > 0).
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Proof. We alulate (kH−C)2 = −2 (resp. (kH−2C)2 = −2), so by Riemann-Roh either
kH − C > 0 or C − kH > 0 (resp. either kH − 2C > 0 or 2C − kH > 0). If the latter is
the ase, dene C ′ := 2kH − C (resp. C ′ := kH − C). Then one alulates C ′.H = d and
C ′2 = 2(g − 1), and sine learly PicX ≃ ZH ⊕ ZC ′, we an substitute C with C ′.
Proposition 4.4. Let H, C, X, n, d and g be as in Proposition 4.2 with g ≥ 1, and with
the additional assumptions that kH − C > 0 (resp. kH − 2C > 0) if (d, g) = (2nk, nk2)
(resp. if (d, g) = (nk, nk
2+3
4 )). Assume H is base point free. Then |C| ontains a smooth
irreduible member if and only if we are not in one of the following ases:
(i) (d, g) = (2n + 1, n+ 1),
(ii) d2 − 4n(g − 1) = 1 and d− 1 or d+ 1 divides 2n.
Proof. We rst show that C is nef exept for the ase (i).
Assume that C is not nef. Then there is a urve Γ (neessarily ontained in the xed
omponent of |C|) suh that C.Γ < 0 and Γ2 = −2.
We now onsider the two ases Γ.H > 0 and Γ.H = 0 2.
If Γ.H > 0, dene a := −C.Γ ≥ 1 and
C ′ := C − aΓ,
then
C ′
2
= 2(g − 1) ≥ 0,
so by Riemann-Roh either |C ′| or |−C ′| ontains an eetive member, and sine h0(OX(aΓ)) =
1, it must be |C ′|. Hene
0 < d′ := C ′.H = C.H − a(Γ.H) < d,
where we have used that Γ.H > 0 to get the strit inequality on the right and C ′2 ≥ 0 to
get the strit inequality on the left, by the Hodge index theorem. Sine H2 > 0, one must
have d′2 − 4n(g − 1) ≥ 0 by the Hodge index theorem, and equality ours if and only if
d′H ∼ 2nC ′.
We now show that d′2 − 4n(g − 1) = 0 only if (d, g) = (2n + 1, n + 1) and that C is not
nef in this ase.
Write Γ ∼ xH + yC, for two integers x and y. We have
C ′ ∼ C − aΓ ∼ C − a(xH + yC) ∼ −axH + (1− ay)C ∼
d′
2n
H,
whih implies y = a = 1. We then have
−1 = Γ.C = dx+ 2(g − 1)y = dx+ 2(g − 1),
whih yields x = −2g−1
d
, whene
Γ ∼ −
2g − 1
d
H + C.
Note that this implies
d | 2g − 1.(1)
2
This latter ase ours only if H is not ample, so it is only interesting in order to prove the statement
in Remark 1.2. To prove Theorem 1.1 we ould assume that H is ample and thus get an easier proof of
Proposition 4.4.
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We now use
−2 = Γ2 =
(2g − 1)2
d2
2n − 2(2g − 1) + 2(g − 1) = 2(
(2g − 1)2n
d2
− g)
to onlude
n =
(g − 1)d2
(2g − 1)2
.(2)
Using this, we alulate
Γ.H = −2n
2g − 1
d
+ d = −2
(g − 1)d2
(2g − 1)2
2g − 1
d
+ d =
d
2g − 1
,
whih yields
2g − 1 | d.(3)
Comparing (1) and (3), we get d = 2g − 1, whih gives by (2) that
(d, g) = (2n + 1, n+ 1).
So we have shown that d′2− 4n(g− 1) = 0 ours only when (d, g) = (2n+1, n+1) and
that C is not nef in this ase.
We now onsider the ase when d′2 − 4n(g − 1) > 0. Sine
0 6= d′
2
− 4n(g − 1) = |disc(H,C ′)| < d2 − 4n(g − 1) = |disc(H,C)|,
then disc(H,C) annot divide disc(H,C ′) and we have a ontradition, so C is nef.
If Γ.H = 0, write Γ ∼ xH + yC. We have
−2 = Γ2 = Γ.(xH + yC) = yC.Γ,
whih gives the two possibilities
(a) y = 1, C.Γ = −2, and
(b) y = 2, C.Γ = −1.
In ase (a), we get from Γ.H = 2nx + dy = 2nx + d = 0 that x = −d/2n, whih means
that
d = 2nk and x = −k,
for some integer k ≥ 1. From Γ.C = dx + 2(g − 1)y = −2nk2 + 2(g − 1) = −2, we get
g = nk2. So (d, g) = (2nk, nk2) and Γ ∼ −kH +C, whih by assumption is not eetive, a
ontradition.
In ase (b), we get from Γ.H = 2nx + dy = 2nx+ 2d = 0 that x = −d/n, whih means
that
d = nk and x = −k,
for some integer k ≥ 1. We get from Γ.C = dx + 2(g − 1)y = −nk2 + 4(g − 1) = −1, that
g = (nk2 + 3)/4. So (d, g) = (nk, nk
2+3
4 ) and Γ ∼ −kH + 2C, whih by assumption is not
eetive, again a ontradition.
So we have proved that C is nef exept for the ase (i).
If |C| is not base point free, then using Lemma 2.4(a), X must ontain two divisors E
and Γ suh that E2 = 0 and
|disc(E,Γ)| = 1,
and this must be divisible by |disc(H,C)| = d2− 4n(g− 1), whih then must be equal to 1.
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Setting E ∼ xH + yC one nds from E.C = dx+2(g− 1)y = 1 and E2 = 2nx2+2dxy+
2(g − 1)y2 = 0 that
x = ±1 and y =
1∓ d
2(g − 1)
.
Using the fat that d2 − 4n(g − 1) = 1, we get 2(g − 1) = (d+1)(d−1)2n , whih gives
(x, y) = (1,−
2n
d+ 1
) or (−1,
2n
d− 1
).
So if d2 − 4n(g − 1) = 1 and d + 1 or d − 1 divides 2n, then the divisor E will satisfy
E2 = 0 and E.C = 1, whene C is not base point free by Lemma 2.4(a).
This onludes the proof of the proposition.
Note that we have also proved
Corollary 4.5. Let H and C be divisors on a K3 surfae X suh that H is nef, H2 = 2n,
C.H = d and C2 = 2(g − 1) for some integers n ≥ 1, d > 0 and g ≥ 1. If either
(a) (d, g) = (2n + 1, n+ 1), or
(b) d2 − 4n(g − 1) = 1 and d+ 1 or d− 1 divides 2n,
then C is not base point free.
In partiular, a projetive K3 surfae of degree 2n, for an integer n ≥ 2 (or even a
birational projetive model of a K3 surfae) annot ontain an eetive, irreduible divisor
of degree d and arithmeti genus g for any values of d and g as in (a) or (b).
Proof. In ase (a) the divisor Γ := C − H is eetive and satises Γ.C = −1, so C is not
even nef.
In ase (b) the divisor E := H − 2n
d+1C or E := −H +
2n
d−1C is eetive and satises
E2 = 0 and E.C = 1. Thus C is not base point free by Lemma 2.4(a).
One gets the following
Theorem 4.6. Let n ≥ 2, d ≥ 1, g ≥ 0 be positive integers satisfying d2 − 4ng > 0
and (d, g) 6= (2n + 1, n + 1). Then there exists a projetive K3 surfae X of degree 2n
in P
n+1
ontaining a smooth urve C of degree d and genus g. Furthermore, we an nd
an X suh that PicX = ZH ⊕ ZC, where H is the hyperplane setion of X, and X is
sheme-theoretially an intersetion of quadris if n ≥ 4.
Proof. The ase g = 0 is Theorem 4.1, so we an assume g > 0. Sine |disc(H,C)| =
d2 − 4n(g − 1) > 4n, the H onstruted as in Proposition 4.2 is very ample, sine the
existene of suh divisors as in (I) and (III) in Lemma 2.4(b) implies that |disc(H,C)| must
divide |disc(H,E)| = 1, 4, 4n, respetively. Now Proposition 4.4 gives the rest.
To prove that X is an intersetion of quadris when n ≥ 4, by Prop 2.6 it is suient to
show that there annot exist any divisor E suh that E2 = 0 and E.H = 3.
Suh an E would give
|disc(E,H)| = 9
but we have |disc(H,C)| > 4n ≥ 16, when n ≥ 4.
Now we only have to investigate the pairs (d, g) for whih
0 < d2 − 4n(g − 1) ≤ 4n.
We proeed as follows. For given n, d, g we use the onstrution of Proposition 4.2 and
then investigate whether H is very ample by using Lemma 2.4. Then two ases may our:
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1. Using the fat that PicX = ZH +ZC and H2 = 2n, C.H = d, C2 = 2(g− 1), we nd
that there annot exist any divisor E ∼ xH + yC as in ases (I) and (III) of Lemma
2.4(b), so H is very ample and by Proposition 4.4, |C| ontains a smooth irreduible
member and there exists a projetive K3 surfae X of degree 2n in Pn+1 ontaining
a smooth urve C of degree d and genus g.
2. Using the numerial properties H2 = 2n, C.H = d and C2 = 2(g − 1), we nd a
divisor E ∼ aH + bC for a, b ∈ Z satisfying ase (I) or (III) of Lemma 2.4(b), thus
ontraditing the very ampleness of H. This then implies that there annot exist any
projetive K3 surfae of degree 2n in Pn+1 ontaining a divisor of degree d and genus
g.
(To prove the statement in Remark 1.2, we proeed in an analogous way, but hek the
onditions for H to be birationally very ample instead. We then have to investigate whether
any of the smooth urves in |C| are mapped isomorphially to a smooth urve. See Remark
4.7 below.)
For any triple of integers (n, d, g) suh that n ≥ 2, d > 0, g ≥ 1 and 0 < d2− 4n(g− 1) ≤
4n, dene
Λ(n, d, g) := d2 − 4n(g − 1) = |disc(H,C)|,
We hek onditions (I) and (III) in Lemma 2.4. We let
E ∼ xH + yC,
and use the values of E2 = 2nx2 + 2dxy + 2(g − 1)y2 and E.H = 2nx + dy to nd the
integers x and y (if any).
We get the two equations
nΛ(n, d, g)x2 − (E.H)Λ(n, d, g)x − (g − 1)(E.H)2 +
d2
2
E2 = 0
and
y =
(E.H)− 2nx
d
.
(a) If E.H = 1 and E2 = 0, then
x =
Λ(n, d, g) ± d
√
Λ(n, d, g)
2nΛ(n, d, g)
, y = ∓
1√
Λ(n, d, g)
,
and the only possibility is Λ(n, d, g) = 1, so
x =
1± d
2n
, y = ∓1,
and we must have d ≡ ±1 (mod 2n).
(b) If E.H = 2 and E2 = 0, then
x =
Λ(n, d, g) ± d
√
Λ(n, d, g)
nΛ
, y = ∓
2√
Λ(n, d, g)
,
and the only possibilities are Λ(n, d, g) = 1 or 4.
If Λ(n, d, g) = 1, then
x =
1± d
n
, y = ∓2,
and we must have d ≡ ±1 (mod 2n) or d ≡ n± 1 (mod 2n).
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If Λ(n, d, g) = 4, then
x =
2± d
2n
, y = ∓1,
and we must have d ≡ ±2 (mod 2n).
() Finally, if E.H = 0 and E2 = −2, we get
−2 = E2 = E.(xH + yC) = yE.C,
so y = −1 or −2 (sine C is nef), and by E.H = 2nx+ dy = 0, we get
d ≡ 0 (mod 2n) and x =
d
2n
, or d ≡ 0 (modn) and x =
d
n
respetively.
One now easily alulates (using E.C = 2 (resp. 1))
Λ(n, d, g) = 4n and n
respetively. Furthermore, in the latter ase, if d ≡ 0 (mod 2n), writing d = 2nk, for
some integer k ≥ 1, we get from E.C = 1 the absurdity g = nk2 + 34 . So we atually
have d ≡ n (mod 2n) in this ase.
What we have left to prove in Theorem 1.1 is that X an be hosen as an intersetion of
quadris in ase (iii) and under the given assumptions in ase (ii).
We have to show, by Proposition 2.6, that there annot exist any divisor E suh that
E.H = 3 and E2 = 0. Sine suh an E would give |disc(E,H)| = 9, and we have
|disc(H,C)| = d2 − 4n(g − 1) = 4n ≥ 16 if n ≥ 4 in ase (iii), this ase is proved.
For ase (ii), we proeed as above and set E ∼ xH + yC, and try to nd the integers x
and y. We nd
x =
3(Λ(n, d, g) ± d
√
Λ(n, d, g))
2nΛ(n, d, g)
, y = ∓
3√
Λ(n, d, g)
,
so we must have Λ(n, d, g) = 1 or 9.
If Λ(n, d, g) = 1, then
x =
3(1 ± d)
2n
, y = ∓3,
and E exists if and only if 3d ≡ ±3 (mod 2n).
If Λ(n, d, g) = 9, then
x =
3± d
2n
, y = ∓1,
and E exists if and only if d ≡ ±3 (mod 2n).
So, under the given assumptions, the onstruted X is an intersetion of quadris. Con-
versely, given a K3 surfae X of degree 2n ontaining a smooth urve C of degree d and
genus g suh that d2 − 4(n − 1) = 1 and 3d ≡ ±3 (mod 2n) or d2 − 4(n − 1) = 9 and
d ≡ ±3 (mod 2n), then the divisor E above, whih is a linear ombination of C and the
hyperplane setion H, will be a divisor suh that E.H = 3 and E2 = 0. Hene X must be
an intersetion of both quadris and ubis.
This onludes the proof of Theorem 1.1.
Remark 4.7. If we allow φH(X) to be a birational projetive model of X (i.e. we require
H to be birationally very ample only), we an allow the existene of a divisor E suh that
E2 = −2 and E.H = 0. That is, we an allow the ases
d2 − 4n(g − 1) = n and d ≡ n (mod 2n), and
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d2 − 4n(g − 1) = 4n and d ≡ 0 (mod 2n)
In the rst ase, with a lattie as in Proposition 4.2, the only ontrated urve Γ satises
Γ.C = 1, whene every smooth urve in |C| is mapped isomorphially by φH to a smooth
urve of degree d and genus g.
In the seond ase, dene
Γ :=
d
2n
H − C.
Then Γ2 = −2, Γ.H = 0 and Γ.C = 2, so any irreduible member of |C| ontains a length
two sheme where H fails to be very ample. Thus φH(C) is singular for all irreduible
C ′ ∈ |C|.
This shows the statement in Remark 1.2.
5. Proof of Proposition 1.3
This setion is devoted to the proof of Proposition 1.3.
Let C ′ ∈ |C|. By the exat sequene
0→ OX(kH − C)→ OX(kH)→ OC′(kH)→ 0,
and using that H1(OX(kH)) = H
2(OX(kH)) = 0 by the Kodaira vanishing theorem, we
see that (using Serre duality)
h1(OC′(k)) = h
0(C − kH).
If d ≤ 2nk, then (C − kH).H = d− 2nk ≤ 0, whih implies h0(C − kH) = 0, sine H is
ample.
If d > 2nk and dk ≤ nk2 + g, we have (C − kH)2 ≥ −2 and (C − kH).H > 0. So by
Riemann-Roh, C − kH > 0.
To nish the proof, let d > 2nk and dk > nk2 + g and assume that there is an element
D ∈ |C−kH|. Then D2 < −2, so D has to ontain an irreduible urve Γ suh that D.Γ < 0
and Γ2 = −2. As seen above, we an assume that PicX is either generated by some rational
multiple of the hyperplane setion or generated by H and C. Clearly, in the rst ase, all
divisors have non-negative self-intersetion, so we an assume PicX = ZH ⊕ ZC.
We an write
D = mΓ + E,
with Γ not appearing as a omponent of E and E ≥ 0.
If E = 0, then m = 1 sine D is a part of a basis of PicX, but then D2 = −2, whih is
a ontradition, so E > 0. We then see that D.Γ ≥ −2m and Γ.H < D.H/m.
Now we dene the divisor
D′ := D + (D.Γ)Γ.
Then D′2 = D2 and
−D.H < D′.H = D.H + (D.Γ)(Γ.H) < D.H.
By the Hodge index theorem and the fat that D′2 < 0, we get D′2H2 < (D′.H)2, so we
have
0 6= (D′.H)2 −D′
2
H2 = |disc(H,D′)| < (D.H)2 −D2H2 = |disc(H,D)|,
a ontradition, sine learly PicX = ZH ⊕ ZD.
This onludes the proof of Proposition 1.3.
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6. Appliation to omplete intersetion K3 surfaes
K3 surfaes of degree 4 in P3 or of degree 6 in P4 have to be smooth quartis and
smooth omplete intersetions of type (2, 3) respetively. Furthermore, by Proposition 2.6
a omplete intersetion K3 surfae of degree 8 in P5 has to be either an intersetion of
quadris, in whih ase it is easily seen to be a omplete intersetion of type (2, 2, 2), or an
intersetion of both quadris and ubis, in whih ase it annot be a omplete intersetion.
Applying Theorem 1.1 to the three kinds of omplete intersetion K3 surfaes, one gets:
Theorem 6.1. Let d > 0 and g ≥ 0 be integers. Then:
1. (Mori [Mori℄ )There exists a smooth quarti surfae X in P3 ontaining a smooth
urve C of degree d and genus g if and only if a) g = d2/8 + 1, or b) g < d2/8 and
(d, g) 6= (5, 3). Furthermore, a) holds if and only if OX(1) and OX(C) are dependent
in PicX, in whih ase C is a omplete intersetion of X and a hypersurfae of degree
d/4.
2. There exists a K3 surfae X of type (2, 3) in P4 ontaining a smooth urve C of degree
d and genus g if and only if a) g = d2/12+1, b) g = d2/12+1/4 or ) g < d2/12 and
(d, g) 6= (7, 4). Furthermore, a) holds if and only if OX(1) and OX(C) are dependent
in PicX, in whih ase C is a omplete intersetion of X and a hypersurfae of degree
d/6.
3. There exists a K3 surfae X of type (2, 2, 2) in P5 ontaining a smooth urve C of
degree d and genus g if and only if a) g = d2/16+1 and d is divisible by 8, b) g = d2/16
and d ≡ 4 (mod 8), or ) g < d2/16 and (d, g) 6= (9, 5). Furthermore, a) holds if and
only if OX(1) and OX(C) are dependent in PicX, in whih ase C is a omplete
intersetion of X and a hypersurfae of degree d/8.
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